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40. INTRODUCTlON 
ONE of the most important collections of examples in 4-manifold topology is the class of 
elliptic surfaces. This is a collection of complex surfaces (hence, smooth, closed 4-manifolds) 
with many remarkable properties. Consider, for example, the simply connected, “minimal” 
elliptic surfaces. These occur in infinite families-one or two such families for each positive 
integer n. Within each family. all members have the same intersection form, so they are all 
smoothly h-cobord:tnt [IS). However, Donaldson [S] showed that one family contains 
more than one diffcomorphism type. providing the first countercxample to the smooth 
)t-Cobordism Conjccturc for 4-manifolds. Using Donaldson’s invariants. Friedman and 
hforpan [IO. I I] have shown that each family contains infinitely many diffcomorphism 
types. illustrating the worst possible Etilurc of the h-Cobordism Conjecture. By Freedman’s 
topological )Kobordism Thcorcm [U], all mcmbcrs of a given family are homcomorphic, 
so WC obtain inlinitcly many nondiffcomorphic smooth structures on the same closed. 
topological 4-manifold. cvcn though thcrc is no high-dimensional uniqucncss obstruction. 
(In contrast. in dimensions #4, :I compact manifold admits only finitely many smoothings.) 
No other family of closed 4-manifolds has provided as rich a structure of such countcr- 
examples. 
Unfortunately, elliptic surfaces arc rather large and cumbersome for topologists --the 
Euler characteristic in each family above is 12n (n > 0). Thus, it seems useful to look for 
a small “nucleus” in an elliptic surkcc, which somehow contains most of the topology of the 
manifold. In the present paper, WC’ construct such II nucleus, which is remarkably tiny 
compared to the original elliptic surface: h, = 2, rcgardlcss of the Euler characteristic of the 
ambient manifold. This nucleus is simply connected whenever the ambient manifold is, and 
bounded by a homology sphere-specifically, the Brieskorn sphere -X(2,3,& - 1). The 
homeomorphism and diffeomorphism classifications of the nuclei are closely related to 
those of the ambient elliptic surfaces. In particular, we obtain infinite families of simple 
manifolds which arc homcomorphic but not diffeomorphic. Many of these manifolds have 
surprisingly simple handlcbody descriptions without I- or 3-handles. The simplest cases 
yield: 
THEOREM 0.1. Fix (III odd integer n 2 3. Then the two 4-munifolds shown in Fig. 1 are 
homeomorphic, but not di/fmtorphic. 
(The boxes denote full 360’ twists.) Note that the first manifold splits off a s 
connected summand. The other manifold does not admit such a splitting. For any fixed odd 
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R. the two manifolds in Fig. 1 are homeomorphic. but for fixed even n, there are two 
homeomorphism types pictured, distinguished by their intersection forms. The infinite 
families of nondiffeomorphic nuclei give: 
THEOREM 0.2. Each homeomorphism type described by Fig. 1 (n an arbitrury positive 
integer) is recllixd by infinitely many diffeomorphism types. 
The infinite family is given explicitly by Fig. 17 and Theorem 4.1. when n 2 2. 
Here is a more careful description of our decompositions of elliptic surfaces: we work 
with minimal elliptic surfaces over the 2-sphere. and require the Euler characteristics of the 
elliptic surfaces to be nonzero. (This is essentially the same as assuming that the surfaces 
contain nonmultiple singular fibers.) Such elliptic surfaces are determined by a positive 
integer n, and (unordered) “multiplicities” pI, . . . , pk 2 1 (k 2 0). We denote them by 
F”(P,. . . . , pk). These manifolds are described in detail in Section 2. Simply connected 
minimal elliptic surfaces (i.e., the infinite families discussed above) form a subcollection of 
these. We also find it useful to generalize our definitions to allow multiplicities equal to zero, 
even though the resulting manifolds are not elliptic or even complex (in general). 
Any such I’,(p,. . . . , pt) can be split into two pieces along the homology sphere 
X(2.3.60 - I). The small piece, the nucleus N,(p,, . . . , pr) has Euler characteristic 3. In the 
elliptic situation (all pi # 0) the nucleus has b, = 0. so b, = 2. Most of the ambient manifold 
lies in the complement of the nucleus, denoted O,, which has Euler characteristic 12n - 3. 
0, is indcpcndent of p, . , . . , pL. In fact (Proposition 7.1). 0’. is diffeomorphic to a canonical 
manifold, namely, the Milnor fiber of X(2, 3,6n - I). (This possibility was first suggested to 
the author by R. Fintushcl.) That is, CD, is diffcomorphic to the locus of x2 + y’ + ?‘“- ’ = I: 
in the closed 6-ball in 43’. 
The nucleus retains many of the topological characteristics of V,,(p,, , . , , p,,). as the 
following propositions show: Inclusion N,(p,, . . . , pi) c V,(p,, . . . , pi) induces an 
isomorphism of fundamental groups (Proposition 3.2). V,(p,, . . . , pk) is spin if and only if 
its nucleus is; it has an even intersection form if and only if its nucleus dots (Proposition 3.3). 
In the simply-connected case, two k’s will be homeomorphic if and only if their nuclei are 
homcomorphic (Proposition 3.4). In general, two Vs will be diffeomorphic if their nuclei are 
diffeomorphic (Proposition 3.5), and in fact, V,(p,, . . . , pk) can be completely reconstructed 
from its nucleus (by Lemma 3.7). Diffeomorphic Vs also tend to have ditfeomorphic nuclei. 
In particular, there are two situations in which Vs with different numbers (n, p,, . . . , pt) are 
known to be diffeomorphic, and in both situations the corresponding nuclei are diffeomor- 
phic. Specifically, V,(p,, . . . , pk, I) is diffeomorphic to V,(p,. . . . , p,,) [I63 (and their nuclei 
are diffcomorphic by Proposition 2.1), and V,(p) is diffeomorphic to V, for al1 p. The latter 
fact is usually proven by algebraic geometry, assuming p # 0. The corresponding fact for 
N,(p) (Proposition 3.8) provides a purely topological proof that V,(p) 2 V,; the author 
Fip. I. 
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knows of no other such proof (although we give an alternate proof in Section 4 that 
N,(P) z N,. by direct computation with the Kirby calculus picture of N,(p)). Various 
results about diffeomorphisms (or lack thereof) between t-s summed with + CP’s or 
S’ x S’ also have analopues for nuclei (Proposition 3.5. Corollaries 3.9 and 4.2). 
The manifolds drawn in Fig. 17 are the nuclei N,(p). Their diffeomorphism types are 
distinguished by distinguishing the corresponding manifolds b,(p). Thus, the proofs of 
Theorems 0.2 and 4.1 rely on the computations with Donaldson’s invariants by Friedman 
and Morgan. Theorem 0.1 is somewhat simpler. The manifolds shown in Fig. 1 are N,(O) 
and N,. so in this case it suffices to distinguish t,(O) from C;. In Section 6. we prove that 
j,(O) decomposes as a connected sum of + CP’. Since b+(t,(O)) = 2n - I. we have that 
C,(O) is not diffeomorphic to any complex surface if n > 1, by Donaldson’s theorem [6] that 
a simply connected algebraic surface cannot split as a connected sum of two pieces with 
b, >o. 
The author knows of only one other example of homeomorphic but nondiffeomorphic 
manifolds of simplicity comparable to that of Fig. 1. S. Akbulut [I] has announced a pair of 
such manifolds, each of which is built with only one O-handle and one 2-handle. His proof 
also dcpcnds on distinguishing closed 4-manifolds by their Donaldson invariants, although 
it rests on a calculation in Donaldson Floer theory by Fintushel and Stern. 
Splittings of closed 4-manifolds along homology spheres have become particularly 
important lately. due to the rcccnt dcvclopmcnts of Flocr and Donaldson [3]. The theory of 
Flocr assigns to each homology sphcrc a collection of eight abclian groups. Donaldson has 
shown that for a 4-manifold with homology sphcrc boundary thcrc are “relative” Donald- 
son polynomials taking values in the Flocr groups of the boundary. When a closed 
4-manifold is split along a homology sphcrc into IWO pieces with h + > 0, the Donald- 
son Fleer invariants of the picccs dctcrmine the Donaldson invariants of the closed 
manifold. In our cast, the rclcvant homology sphcrc is E(,, _, 7 1 61 - I). whose Flocr groups 
have been computed by Fintushcl and Stern [HI. WC distinguish dill’comorphism types of 
nuclei by distinguishing the Donaldson invariants of the corresponding closed manifolds. 
Since the Donaldson flocr invariants of the complcmcnt (0, Jcpcnd only on n, the original 
nuclei must actually bc distinguished by their Donaldson f-locr invariants (at least, for 
II 2 2). An intcrcsting problem is to understand the invariants of the nuclei and of CD,,. This 
may bc useful in understanding the Donaldson invariants of elliptic surfaces. 
Our construction of nuclei is given in Section 3, following a discussion (Section 2) of the 
topology of elliptic surfaces, including our generalized logarithmic transform. Section 
4 provides Kirby calculus descriptions of the nuclei N,(p); the general case N,(p,, . . . , p,) is 
discussed in Section 9. In Section 5 we discuss self-diffcomorphisms of simply-conncctcd 
nuclei. In particular, WC describe exactly which automorphisms of the intersection forms are 
realized by self-diffcomorphisms. Section 6 is our proof that V,(O) decomposes into a sum of 
+ CY’s. In Section 7. WC show that 0, is the Milnor fiber of X(2, 3.6n - I). WC also USC‘ our 
link picfurc of N,(p) without I- or 3-handles to construct an explicit link picture of C’,,(p) 
without I- or 3-handles (Fig. 2X, p. 501). Thus, our study of nuclei shows that L;(p) admits 
a perfect Morse function. In contrast, it is still a good conjecture that V,(p, y) (p, q 2 2) does 
not admit such a Morse function (Section 9). 
One additional application is given in Section 8. Finashin. Krcck and Viro [7] have 
studied complex conjugation on Dolgachev surfaces V,(p, 4). The quotient of this involu- 
tion is SJ, and C; (p. y) is rc:rliLcd as the 2-fold branched cover of SJ over an embedded 
# ,,WP’. The branch loci (varying p and y) yield an infinite family of knotted surfaces 
# ,,WP’ in SJ. with knot group H,. which cannot be smoothly cquivalcnt. Finashin. Krcck 
and Viro also show that thcrc arc only finitely many topological knot types here, so we have 
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an infinite family of knotted surfaces which are topologically equivalent but smoothly 
distinct. In Section 8, we apply a similar analysis to the nuclei S,(p). We obtain infinite 
families of properly embedded punctured tori and Klein bottles in BJ, with abehan knot 
groups (Z or E,). All members of a given family restrict to the same knot in ?BJ. have the 
same normal Euler number relative to the zero framing on the boundary, and have 
complements with the same homotopy type. A recent result of Kreck [14] shows that for 
some of these families. all members are topologically equivalent. However, we show that 
they are all smoothly distinct. The embeddings are drawn explicitly in Figs 38 and 39. 
$1. THE SPECIAL CASE 
Before attacking the general problem. we consider the special case of Theorem 0.1 in 
more detail. (This section may be skipped without loss of continuity.) Let Al(k. I) denote the 
4-manifold shown in Fig. 2. Note that M(1. n) and !U(n, 1) are the manifolds shown in 
Fig. 1. The intersection form of M(k. I) is [‘: _Lk] which is unimodular. so Llhf(k, 1) is 
a homology sphere. We show that ?M(k. I) and CM (1. k) are diffeomorphic, as follows: First, 
we slam-dunk the - k-framed meridian, pushing it into the surgery solid torus of the 
O-framed knot, to obtain i-surgery on the twist knot. Then we perform a Rolfsen twist 
around the - I twists to obtain Fig. 3. Since the Whitehead link is symmetric, it is clear that 
ilM(k. I) z c’M(l. k). Note that this calculation may also bc done by pure Kirby calculus as 
shown in Fig. 4. 
The intcrscction form of M(k, I) has rank two and signature zero. and is even if and only 
if k is cvcn. Thus, M(k, I) and M (1, k) have isomorphic forms if and only if k = I (mod 2). If 
this occurs, then Freedman theory [9] assures us that the two manifolds will be homcomor- 
phic (since their boundurics arc homcomorphic homology spheres). Although M(k, I) and 
M(I. k) arc dilTcomorphic in some simple casts (k = 0 and I even, or k = I) we will show in 
hi (kc,0 r 0 -h CJ 43 -1 
Fig. 2. 
Fig. 3. 
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Fig. 4. 
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Fig. 5 
Sections 3 and 4 that M(l. n) and M(n, I) arc not diffcomorphic for any n 2 2. Theorem 0.1 
follows immcdiatcly. 
Rcm~u4.s. (I) M(k, I) and M (I, k) (k 3 1 mod 2) become ditTeomorphic after connected 
sum with S2 x S’. This is cvidcnt from Fig. 4 and the observation that M #S’ x S’ and 
M # S2 R S’ are diffcomorphic for M a simply connected non-spin 4-manifold. Similarly 
M(k. I) and IV (1. k) (k, I not both even) become difTcomorphic after sum with Sz x’ S’. The 
manifolds ftf (1. n) and Af (n, 1) become difTeomorphic after sum with CY’. (To see this, split 
the CP’ summand off of M(I, n), recall that CP’ # CP’ z S2 3 St, and compare with 
Fig. 4.) It follows from Theorem 4. I, however, that sum with any number of 3s cannot 
make M( I, n) and fvf (n. I) ditTcomorphic. 
(2) The examples Af(k, 1) can easily be generalized. For example, if the Whitehead link is 
replaced by Borromean rings, we obtain manifolds M(k, 1. m) as in Fig. 5. Clearly, 
?hf(k. 1, m) is independent of the order of k, 1, m, so permuting these intcgcrs yields at most 
two homeomorphism types of 4-manifolds (and only one if k z 13 m (mod 2)). Furthcr- 
more, M(k. 1, 1) = M(k, I), so Af(n. I, I) and M( I, n, 1) are not diffcomorphic for n 1 2. 
Aside from the obvious symmetry M(k, 1, m) z M(k. m. l). nothing else is known about how 
permutation affects diffeomorphism type for nonzero k, 1, m. 
82. ELLIPTIC SURFACES 
We discuss relevant aspects of the topology of elliptic surfaces. For more details, see [I23 
or 116-J. An elliptic surfuce is a compact, complex surface Y which comes with a holomor- 
phic projection n: Y-+ C onto a compact, connected complex curve, such that the generic 
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fibers of n are elliptic curves. From our purely topological viewpoint. C’is a closed. oriented 
4-manifold with a certain type of smooth projection x onto a closed surface. and the generic 
fibers of rr are tori. We will always assume that c’ is minim~f elliptic. i.e., not a blow-up of 
another elliptic surface. (Arbitrary elliptic surfaces are always obtained from minimal ones 
by connected sums with CP’s.) We will also assume that C is a 2-sphere and that C’ has 
nonzero Euler characteristic. This clearly includes all simply connected minimal elliptic 
surfaces. We will occasionally have use for a generalization which we call an dlipric surj&~ 
with bountfary. Here. we allow f’ and C to be smooth. compact. connected, oriented 
manifolds with boundary. We require K: C’ -+ C to be a bundle projection near (: C., with 
n-‘(X) = ?I-. Over small neighborhoods in int C we require n to look (smoothly) like the 
projection of an elliptic surface. In practice, our elliptic surfaces with boundary are 
constructed from elliptic surfaces (without boundary) by restricting to generic compact 
surfaces in the base space. 
The projection rr (or clliptkfihrarion) of an elliptic surface has well-understood local 
behavior. It has only finitely many critical values, and away from these it is a bundle 
projection with torus fibers (called rr~gulur fibers). The sinyulur fibers. or preimages of 
critical values. come in various types. For minimal elliptic surfaces, we may smoothly 
change rz so that only two types of singular fibers occur: or,sp~iihtw and (smooth) mulriplc 
jihrrs. 
A cusp fiber is a PL-embedded sphere with a unique non-locally flat point, which is 
locally a cone on a (right-handed) trefoil knot. Such a (ibcr is ohtaincd from a nearby 
smooth libcr by collapsing to a point a wcdgc of circles represcntinp a basis for II, (T’). By 
perturbing the projection, we may change a cusp fiber into twojishrc~il (ibcrs, each of which 
is obtained by collapsing just one of the two circles. 
Simply connected minimal elliptic surfaces without multiple libcrs are complctcly 
classified up to dilTeomorphism by a positive intcgcr n [l6]. f:ach such manifold V” has 
a projection with exactly 6rt cusp fibers and no multiple tibcrs. It follows that b’,, has Euler 
characteristic 12n. It can bc shown that for each V, the projection admits a section, i.e., an 
embedding S” -+ V, which intersects each fiber exactly once (transversely), and that the 
normal Euler class of the sphere is - n. (In fact, Vt is a rational surface CP’ # .Q3Pz 
obtained by blowing up the nine points forming the base locus of a suitable pencil of cubic 
curves. Any of the nine exceptional curves coming from these blown-up points will be 
a section. C, is formed by “fiber sum” of n copies of t’r , and a section of Ck is obtained by 
summing n sections in the C’,s.) 
A (smooth) multiple fiber is a smoothly embedded torus which is multiply covered by 
nearby rcgulur fibers. In fact, it is essentially a Seifert multiple fiber crossed with S’. It 
follows that any elliptic surface can be obtained from one without multiple fibers by 
a process called loyurithmic rrunsjiwm, which is essentially Dehn surgery x S’ along a fiber. 
This procedure can bc made compatible with complex structures. Howcvcr, complex 
structures will not be important in this paper, so we will generalize the notion of logarithmic 
transform with the following definition. Note that this generalized procedure may destroy 
the elliptic surface structure as well as any complex structure. 
Dt$nirion. Let V be an elliptic surface (possibly with boundary) with projection I[. We 
say that a 4-manifold IC’is ohtuintdjiom Vhy loyurirhmic rransforms if Wean bc constructed 
from C’ by the following procedure: Choose regular fibers F,, . . . , f; in int C’with disjoint 
closed tubular neighborhoods vF~, i = I, . . . , k with each vFi the preimage of a disk under 
II. Each vF, is diffcomorphic to T’ x D ‘. Delete each int vFi from 1’ and replace it by 
T2 x D’, glued by any dilfeomorphism ‘pi: T2 x S’ + L1vFi. 
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Although this looks much broader than the usual definition, it is actually only slightly 
more general. In fact. if U’is obtained from V by k logarithmic transforms in our new sense, 
and if Z’contains a cusp fiber, then the diffeomorphism type of ct’is completely determined 
by k nonnegative integers. called the mulriplicities of the logarithmic transforms, which 
measure how many times each ‘pi wraps point x S’ meridianally around yFi. 
Definition. Given a logarithmic transform defined by a diffeomorphism cp: 
T* x S’ -* SvF as in the previous definition, the mulriplicity of the transform is the absolute 
value of the winding number of nacp)point x S’ as a map into n(ZvF) z S’. 
PROPOSITION 2.1. Let V be an elliptic surface (possibly with boundary) with at least one 
cusp fiber, and let U’ and W’ both be obtained from V by k logarithmic transforms, with the 
same k mulriplicities. Then there is a dlfiomorphism (jxing the boundary)fiom W to W. 
ProoJ There is a fiber-preserving self-diffeomorphism of V (fixing ?V) sending any 
ordered collection of k regular fibers onto any other such collection, so we may assume that 
Wand W are both obtained by logarithmic transforms on the same k fibers of V, and that 
the two multiplicities at each such fiber are the same. Let F be one such fiber, and let rp, cp’: 
T2 x S’ + SvF be the corresponding gluing maps, both with multiplicity p. We will show 
how to change rp to cp’ by composing with diffeomorphisms of T* x D2 and V - int vF. 
Let (2,. AZ) bc a basis for n,(F), and let p be a meridian to F. Then (A,, A.,, p) is a basis 
for n,(8vF). With respect o this basis and the obvious basis for n,(T’ x S’), cp is given (up 
to isotopy) by a matrix A +zGL(3. Z). The multiplicity p of cp is the absolute value of the 
lower right entry of A. 
We arc given a cusp fiber in V. We split this into two fish-tail fibers. It is a standard fact 
that the monodromy around thcsc two fibers generates all of SL(2, Z) (the oricntation- 
preserving self-diffeomorphisms of the fiber). Thus, by pushing F around these fish-tail 
fibers, WC may change cp by left-multiplying A by any matrix of the form 
l l 0 
[ 1 + 0 ;01 
in SL(3, H). A trick of Moishezon ([163, Lemma 7 and the following remark) uses this 
symmetry to generate diffeomorphisms of Y - int vF which left-multiply A by matrices of 
the form 
[ 0 1 0 1 l * 1 I . 
Thus, we may change A by any row operations which preserve det A and the third row of A. 
By examining the self-diffeomorphisms of T2 x 0’. we see that we can also change A by any 
column operation which preserves the third column (up to sign). Note that these operations 
all preserve the multiplicity of cp. 
We put A in standard form, as follows: First, we flip the sign of the third column if 
necessary, so that the lower right entry is nonnegative (hence, equal top). The third row now 
has the form [a b p]. By operations in the first two columns, we may change this to 
[g 0 p] where g is the greatest common divisor of a and b. Since det A = f 1, we must 
have g and p relatively prime. Thus, some integer linear combination ofg and p is - 1. We 
can now change the third row to [g - 1 p], and then [0 - 1 p]. The matrix can now be 
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assumed to be of the form 
0 e 
[ 1 i 0 /. 0 -1 P 
After operations in the first two rows. we may assume e = 0. But then det .d = cf’= + I, so 
c and fare both + I. We may choose the signs arbitrarily. to obtain the matrix 
(*) 
1 0 0 
[ 1 0 0 1 0 -1 P 
(with signs chosen so that det A = 1. as in the holomorphic case). 
Clearly, the matrix (*) depends only on the multiplicity p. Thus cp and cp’ can be put in 
the same standard form, so the corresponding logarithmic transforms are equivalent. Since 
the diffeomorphisms used above can be assumed to fix L7 C’ and any finite collection of 
regular fibers, we can simultaneously straighten each logarithmic transform to obtain 
a diffcomorphism from I+’ to w’ fixing the boundary. n 
Our dctinition of multiplicity agrees with the original definition of the multiplicity of 
a multiple fiber. Algebraic geometers can realize any multiplicity p > 0 by a (holomorphic) 
logarithmic transform. Thus, our generalization has gained us exactly one new operation: 
the multiplicity zero USC. This is realized by any ditTcomorphism T’ x S’ --* ?vF which 
sends point x S’ into a single libcr. We will prove in Section 6 that a multiplicity zero 
logarithmic transform applied to P’,, always yields a conncctcd sum of f Cl’%. Since 
Donaldson [63 has proven that a simply connected algebraic surface cannot bc decomposed 
as a conncctcd sum of pieces with 6, > 0. it follows that this manifold cannot admit 
a complex structure if n >_ 2. (A simply conncctcd compact complex surface is diflcomorphic 
to an algebraic surface.) Thus our operation cannot bc done holomorphically. 
Le1 VJp,, . . . , pt) denote the manifold obtained from I’. by logarithmic transforms of 
multiplicities p,, . . , pt. All minimal elliptic surfaces over S* with nonzero Euler character- 
istic (or equivalently, with at lcast one nonsmooth singular fiber) can be put in this form 
[16]. Note that since the trivial logarithmic transform (i.e., gluing VF back in by the identity 
map) has multiplicity one, we may eliminate any pi which equals one. We consider mainly 
the manifolds V,,(p, y) where we always assume p and q arc rclativcly prime. (V,(p). p 2 0. 
and k’. are included by setting y, p = 1.) These are precisely the V,(p,, . . . , pt) which are 
simply connected. In fact, a complete list of diffeomorphism types of simply conncctcd 
minimal elliptic surfaces (with some redundancy) is given by V,,(p, q). p, q # 0 [ 163. 
Note that logarithmic transform preserves Euler characteristic and signature, so for 
fixed n the intersection forms of the manifolds V,(p, q) will have the same rank (12n - 2) and 
signature (- 8n). Thus by Freedman [9], V,(p, q) and V,(p’, q’) will be homeomorphic if and 
only if their forms have the same type (even or odd). In fact. V&p, q) will have an even form if 
and only if n is even and p and q are odd. Thus, we have one homcomorphism type for 
n odd, and two for n even. 
Less is known about diffeomorphism types. It is a classical fact that for p 2 1, 
Vi(p) z Y, z CP2 # ,s. (We give a simple topological proof in Section 3.) We show in 
Section 6 that V,(O) z # 2n_, CP’ # LOn_, CP’. In contrast, Donaldson’s remarkable work 
[S] showed that V,(2,3) is not diffeomorphic to V,. Building on Donaldson’s work, 
Friedman and Morgan [IO] and Okonck and Van de Ven [ 171 independently Showed that 
for p, q 2 2, C;(p, q) is not diffeomorphic to C ‘, , and the manifolds C’t(2,q) (q odd, > 3) are 
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all distinct. Donaldson’s result [6] on indecomposability of algebraic surfaces implies that 
for n 2 2, V,(O) is distinct from all other C,(p, 4). Friedman and Morgan (II] showed 
that for n 2 2 and p, q > 0 the integer pq is a smooth invariant. In particular, we have that 
for n 2 2 the manifolds V”(p). p = 0, 1.2. . . . are all distinct. These results are all stable 
under connected sum with copies of cp’. In contrast, all V,(p. q) (for fixed n) become 
diffeomorphic after connected sum with a single CP’ [IS, 161, and fall into one or two 
diffeomorphism types (distinguished by intersection form) after sum with Sz x S2 [IS]. 
$3. KL’CLEI OF ELLIPTIC SL’RFACES 
Recall that the elliptic surface V, contains 6n cusp fibers and a section with self- 
intersection - n which hits each fiber transversely once. Let N,. the nucleus of V.. denote 
a regular neighborhood of one cusp fiber together with this section. Since N, has the 
homotopy type of S* v S’, it is simply connected with fI,(N,) = H @ Z. With respect to 
the obvious basis, the intersection form is [: -‘,,I. (The cusp fiber is homologous to 
a nearby smooth fiber which is disjoint from it.) This form is unimodular, so SN, is 
a homology sphere. 
PROPOSITION 3. I. i’N, is the Brimkorn homolo~ty sphere X(2, 3, 6n - I), with orjenrarion 
opposite to the one inducsd as the link of un ulg@mric singulurity. 
Pror$ We exhibit a Kirby calculus picture of A’, in Fig. 6. First observe that the two 
I-handles and O-framed 2-handle rcprcscnt Tz x D’. a neighborhood of a regular fiber. To 
obtain a regular neighborhood of a cusp fiber. we must attach a pair of 2-handles to kill 
n, (T’). This is the role of the two - l-framed curves. The - l-framings are required by the 
monodromy of the fibration. See [ 121 for a more detailed discussion of such pictures. Note 
that if we explicitly cancel the I-handles as in Fig. 7 (momentarily ignoring the - n-curve), 
we obtain a 2-handle attached to a right-handed trefoil knot with framing zero. This is 
indeed a regular neighborhood of a cusp fiber as described in Section 2. (The O-framing 
corresponds to the trivial self-intcrscction of a fiber.) To obtain N, from this regular 
neighborhood of a cusp fiber, WC need to add a neighborhood of the section. This is the 
-n-framed curve in Figs 6 and 7. A sphere with self-intersection - n is clearly visible, 
hitting the cusp fiber exactly once. 
(7N, is now seen to be i-surgery on the right-handed trefoil knot, by slam-dunking the 
meridian in Fig. 7. This is well-known to be a Brieskorn sphere. To see this by link calculus, 
observe that Fig. 8 represents a Scifert fibered space made from the Hopf fibration by 
Fig. 6 
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Fig. 7. 
2(2,3,6n-1) 
Fig. 8. 
adding three multiple fibers, with multiplicities 2.3 and m. where m # 0 is the numerator of 
the rational number r. After blowing down three + Is. the result will be Dchn surgery on 
a left trefoil with cocfftcient r - 6. If we take r = (60 - 1)/n. we see that 1(2,3,6n - 1) is 
- i-surgery on a left trefoil, or SN, with rcverscd orientation. (To cheek that Fig. 8 is 
correctly oriented as X(2, 3,6n - I), observe that when r = 5 we obtain X(2.3, 5) which 
bounds a negative definite E, plumbing by the methods of [ 131.) H 
To obtain nuclei in general, we perform logarithmic transforms on the ambient mani- 
fold V.. Note that N, c I’. contains a neighborhood of a cusp fiber. and this neighbor- 
hood becomes an elliptic surface with boundary by restricting the projection map of k’.. 
Thus, we may assume that all of our logarithmic transforms are performed in int N,, 
so that we obtain the nucleus N,(p,, . . . , pk) c V,(p,, . . . , p,.). with closed complement 
a, = F’. - int N, independent of p,, . . . , pk. Since N, contains a cusp fiber. Proposition 2. I 
shows that the diffeomorphism type of N,(p,, . . . , pk) depends only on n 
andp,,... , pt and that pis equal to one may be deleted without changing the diffcomor- 
phism type. Since logarithmic transform preserves Euler characteristic and signature, each 
N,(P,, . . . , pr) has Euler characteristic three and signature zero. 
PROPOSITION 3.2. Inclusion N,(p,, . . . , Pt) c v,(P,. . . . , pt) induces an isomorphism of 
fundamental groups. 
ProoJ Let F be a regular fiber in N, with closed tubular neighborhood vF. Since N, is 
simply connected and the section S2 hits F exactly once, we have that N, - int vF is simply 
connected. Similarly, V. - int vF is simply connected. We perform the logarithmic trans- 
forms inside int vF. Let K be obtained from vF by applying these logarithmic transforms. 
Van Kampen’s theorem implies n, N,(p,, . . . , pk) z II, K/x,c!K z K~ V,(p,, . . . , pt) via 
maps induced by inclusion of K. 4 
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By examining K. it is easy to verify directly that 
The simply connected N,,IP,. . , pk) are precisely those which can be put in the form 
/V,,(p. 4). p. q relatively prime (including (p. (I) = (0, 1)). by adding or deleting p,s equal to 
one. N,(p,. . . . pk) has h, = 0 (and therefore h, = 2) provided that no more than one pi 
equals zero. 
PROP~SITIOK 3.3. The nuclr~~ S,(p, , . . . . p, ) bus even intrrsrction jirrm ij’ und only ilf 
b;(p,, . . . .&) dOCS. iy&,, . . . pk) is spin ijund on/~ if’ Ii@, . , . , pr) is. 
Proc$ The splitting of I,(p,. . . . , pt) by the homology sphere r7,V, induces an ortho- 
gonal sum decomposition of the intersection form. Thus. the first statement of the proposi- 
tion follows from the assertion that CD, = t; - int A’, has an even form. But this manifold 
lies in 1, minus a regular fiber. which embeds in I;,, a manifold with even form. Since 
?N, x I admits a unique spin structure, the second assertion follows from a similar 
argument. n 
For example, the Enrique surface 1; (2. 2 ) is even but not spin. We obtain a manifold 
N,(Z. 3) with form [c A] and boundary - E(2.3.5). 
Now consider the family of simply conncctcd manifolds N,(p, y) (p, y relatively prime). 
for any fixed n 2 I. Thcsc all have the same (homology sphcrc) boundary. and their 
intcrscction forms all have rank two and signature zero. Thus, Freedman’s work [!I_] implies 
that two mcmbcrs of this family will bc homcomorphic if and only if their forms have the 
same type (even or odd). By Proposition 3.3. this occurs if and only if the corresponding 
l,(p,y)s have forms of the same type, or (by Freedman) if and only if the l,(p.q)s arc 
homcomorphic. Thus, WC have: 
PROI’OSITION 3.5. .4t1y di[jkmorphis,Irwphi.sm N,(p, , . . , p&) t N,(p’, , . . , pi) r?cfend.s owr rhrJ 
comp/cwen~ CD, fo yirld 11 diJGnorphi.sm b’,,(p, , . . . , pk) % b’,,(p’, , . . , pi). More ycwrrdly, 
girwr 4-nimi/i&l.s hl , rrrd M z. uny di&omorphi.sm 
N,(p,. . . . ,pk)# M, 2 N,lp’,. . , p;) # Al2 
extends to 11 d@wnorphi.sm 
I’,@, v . . . .pt)# AI, 2 v&J;, . . . ,p;)# M2. 
Hence. all of the statements in Srction 2 distinguishing the C’,(p. y) also distinguish the 
corresponding nuclei N,(p, y). The stability under sum with cp’ also carries over. Thus: 
C()R(~I.L.AR’I. 3.6. Tht~j;Jllo~ciny urc~/trmiks r,j’~rortrc~o~?lorphic~ m(rnj/iJd.s, n(J tw(J ()J,vhil_h arc 
d@iionrorphic 
(4 N, and N, (2, q) (y = 3, 5, 7,9, . . . ) 
(b) Nzm+, 04 (m 2 I fi.r4 p = 0, I, 2. 3. . . , ) 
(C) N,,(p) (m 2 I jiwd. p = 0,2.4.6, . . . ) 
(d) N2,,,(p) (m 2 I .E.wf. p = I, 3.5, 7, , . ). 
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Two members of any aboce fumilp cannot be made difleomorphic by repeated connected sum 
with CP’. 
Proposition 3.5 follows immediately from: 
LEMM 3.7. Any se&diffeomorphism of SO, extends to a selfdiffeomorphism of 0.. 
Proof. By Proposition 3.1, SO, = - SN, is X(2. 3. 6n - 1). The group of isotopy classes 
of self-diffeomorphisms of this manifold is trivial for n = 1 and Z2 for n 2 2. Boileau and 
Otal [q] showed that homotopic diffeomorphisms are isotopic. The statement then follows 
from standard arguments which can be traced back to Neumann and Raymond (unpub- 
lished).) The nontrivial diffeomorphism preserves orientation and may be assumed to 
preserve the fibering, but it reverses fiber orientation. It is visible in Fig, 8 as 180‘ rotation 
about a horizontal line in the plane of the paper. After blowing down, this becomes the 
standard involution of - !-surgery on the trefoil (preserving the knot complement setwise). 
This corresponds to rotation about a horizontal line in Fig. 7. To verify that this diffeomor- 
phism is nontrivial (n L 2). it suffices to see that it induces an outer automorphism of n,. 
Direct computation shows that a meridian z to the l-framed circle in Fig. 8 is central. This 
element has infinite order (n 2 2). (In fact, I is a regular fiber, and it generates the center 
1 B.) Since our diffeomorphism maps z to x- ‘, it clearly induces an outer automorphism. If 
we draw z as a parallel to the r-framed circle in Fig. 8, it becomes a longitude to the 
- i-framed trefoil when we blow down. Thus, an automorphism which inverts the trefoil 
(or equivalently, the O-framed curve in Figs 6 and 7) will send r to ‘x-’ and represent the 
nontrivial isotopy class of self-diffcomorphisms of ?cD,(n 2 2). 
Next, WC construct an involution $ on I’,,, which may bc thought of as complex 
conjugation. I’, may be constructed from CP’ by blowing up 9 points. WC may assume that 
complex conjugation on CI” extends to a fiber-preserving involution of I/‘, (See [7] for 
details.) This will prcscrve ambient orientation, but will map holomorphic curves onto 
holomorphic curves with rcvcrsed orientation. In particular, we reverse fiber orientation, as 
well as orientation on a section, which may be assumed setwise fixed (since it is one of the 
cxccptional curves created by the blow-ups). The manifold CL may be constructed from 
C: _. , by “fiber sum” with I’, , that is, by deleting a neighborhood of a Iibcr from each of I’,, _ , 
and I’,, and by gluing the resulting manifolds along the boundary, via a fiber- and 
meridian-preserving di&omorphism. The map $ clearly extends over V”. ($lvF splits via 
the product structure of VF z TZ x D’.) A section of I: will be preserved by II/ since it comes 
from a section of c’,. 
Now we embed N,, in I’,. By carefully choosing our original fibration on Vi, we may 
assume there is a cusp fiber in k’” which is fixed setwise by I+$. If we choose this cusp fiber and 
a setwisc-fixed section for our construction of N, c V,. then we may assume N, is preserved 
by $. Since IJ$ reverses orientation on the cusp fiber, it will reverse orientation on the trefoil 
in Fig. 7. In particular, $li?N, (n >_ 2) will be the nontrivial self-diffeomorphism of dN,,. 
Thus, $I@, is the diffeomorphism required for the proof of Lemma 3.7. H 
Remarks. (1) We will see in Section 7 that CD, is the Milnor Iibcr of E(2,3,6n - 1). This 
is an afhnc variety in C’. which WC may assume is preserved under complex conjugation. 
This provides an alternate proof of Lemma 3.7. 
(2) The map $ cxtcnds to an involution of I’,,@,, . . . , pt) (p,, . . . , pk 2 I) which 
preserves the nucleus N,(p,, . . . , pk). Simply perform the logarithmic transforms on fibers 
in int I%‘, which arc sctwisc fixed by $, and cxtcnd the involution as in [7]. 
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It is known from algebraic geometry that the manifolds k’,(p) (p 2 1) are all diffeomor- 
phic to t-r (which is CP’ # gd3p? by construction). We prove the corresponding statement 
for h’,(p) (p 2 0). Since every self-diffeomorphism of S,V, (p) = - X(2. 3. 5) is isotopic to the 
identity, we obtain a purely topological proof that t;(p) is b’r (F 2 0). 
PROPOSITIOX 3.8. Fur any p 2 0, N,(p) is d&wmorphic tu A’, . 
Proo/: Let F be a regular fiber in N,. N, is given by Fig. 6 with n = I. F is visible as the 
cores of the l-handles and O-framed 2-handle. Let i.,. &cz,(?vF) be a basis for n, F 
corresponding to the l-handles. Let PE n,(SvF) be a meridian of F. We change to dotted 
circle notation for the l-handles to obtain Fig. 9. Now SvF appears as O-surgery on 
Borromean rings. with i.,, EL and p becoming meridians of the components. The three 
- l-framed 2-handles are the section and the two vanishing cycles of the cusp fiber. Note 
that if we remove int VF to obtain (?\pF x I) u 3 ‘-handles. there is a Z,-action on the 
manifold (120‘ rotation). In other words, we have a Z,-action on N, - int VF which 
cyclically permutes i.,,l, and 11 in n,(?vF). (Note this requires n = I.) 
We construct N,(p) by gluing T2 x D* onto N, - int vf by some diffeomorphism 
cp: T’ x S’ + &I;. As in the proof of Proposition 2.1, we may assume cp is given by the 
matrix (*) with rcspcct to the basis (1,. i.,. 11). However. the ZJ-action allows US to 
cyclically pcrmutc rows to obtain: 0 --I P 
[ 1 IO 0. 0 0 1 
The multiplicity of this transformation is pivcn by the lower right entry, which is enc. Thus. 
by Proposilion 2.1. N, (p) 2 N, (1) 2 N, . n 
<‘OKOI.I.ARY 3.Y. N,(p) # S’ x’ S’ is dlJ&>tnorphic* IO N, # S’ < S’. 
I’roc!/: First, suppose n is cvcn. Embed N, inside itself as the complement of a collar of 
?N,. Call the image N;. Form N, #S’ x‘ S’ without disturbing Nb. Since 11 - I is odd, 
S’ 3 S’ contains a smoothly embedded S’ with self-intersection n - I. Modify N; by 
tubing the section into this sphcrc. This raises the self-intersection of the section from - n 
to - 1. so WC‘ have an embcddcd copy of N,. Perform a logarithmic transform on this to 
obtain an embedding N,(p) G N,(p) # S ’ R S’, with the same complement as the embcd- 
ding N, G N, #S* R S*. Proposition 3.8 gives a diffeomorphism N,(p) 2 N,, which ex- 
tends to the ambient manifolds N,(p) # Sz R S’ z N, # SL 2 S’ as required, since any 
Fig. 9 
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diffeomorphism of ?A’, = - X(23.5) is isotopic to the identity. In the case of odd n. N,(p) 
and X. are not spin, so the manifolds of interest are the same as h’,(p) # Sz x S’ and 
X. # S’ x St. The same argument works here, since any even number is realized as the 
self-intersection of a sphere in S’ x S’. m 
Qd. LlNK PICTCRES 
We describe N,(p) explicitly by means of Kirby calculus. We obtain handle pictures 
without I- or 3-handles. including Fig. I as special cases. For N,,(p, , . . . , pk), see Section 9. 
We first draw our manifolds”upside down.” i.e., we draw - N,(p) as a handlebody built 
on clN, x I. The manifold N, is drawn in Fig. 6. To turn this upside down, we double the 
manifold and look at the top half. Fig. 10 shows the result. To interpret this as - N,. 
consider the l-handles and cross-hatched 2-handles as defining a 3-manifold crossed with I. 
The remaining handles are attached on top of this. 
To locate a tubular neighborhood vF of a regular fiber F. observe that vF is given in 
Fig. 6 as the O-handle. two l-handles and O-framed 2-handle. In the upside-down picture, 
these correspond to the 3- and 4-handles and the meridianal 2-handle in the upper left of 
Fig. IO. Thus. - (N, - int vF) is obtained from Fig. IO by removing the upper left 
2-handle and the 3- and cl-handles. The upper boundary of the remaining manifold is T’; 
this is seen in the link picture by using the remaining meridians to cancel down to Fig. I I. 
The manifold - VF is built on this 3-manifold (crossed with f ) using a mcridianal2-handle. 
two 3-handles and a 4-handle. If WC turn this right-s& up, wc ohtain the 4-manifold 
‘I” x II’ explicitly shown in I:ig. I I. In particular, the canonical idcntificution of the 
hound:rry with F x St can bc seen by visualizing F x point as the torus spanned by the 
-4 
OC_D T 0 -n -30 
C -1 M 0 u2 3-h 0 -1 4-h 
Fig. IO. 
Fig. I I. 
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2-handle. A O-framed meridian to the ?-handle represents point x S’, a meridian to F in 
?vF, with its canonical framing induced from vf. 
We obtain - N,(p) from - (,Y,, - int vF) by gluing in T’ x D’ with multiplicity p, i.e., 
by adding a 2-handle. two 3-handles and a 4-handle in such a way that the attaching circle 
of the two-handle comes from a O-framed meridian in Fig. 11 by a diffeomorphism of T’, 
and the circle wraps p times meridianally in Fig. Il. This is shown in Fig. 12. To see that this 
is correct, start with the p = 0 case, then modify by a diffeomorphism of T’ which twists the 
left-hand 3-ball in Fig. 11 p times. 
To simplify Fig. 12, cancel the l-handles in the part of the picture representing ?N, (cf. 
Fig. 7). The result is Fig. 13. Let yI and y2 denote the framed attaching circles of the 
(O-framed) 2-handles on the right of Fig. 13. Momentarily erase 7, and ;‘r and let M denote 
the resulting 3-manifold. We will show that M is S’, and that jt, and yr form a O-framed 
unlink in S3. It follows that these 2-handles cancel the two 3-handles, resulting in Fig. 14. To 
verify that M is S3. work on the 3-manifold level. The pair of cross-hatched curves running 
through the left-hand O-framed circle in Fig. 13 can be unlinked from this circle by sliding 
the pair over the (p - l)-framed curve. The O-framed circle becomes a meridian which 
cancels the (p - l)-framed curve, and the picture falls apart to give the desired results. 
Now we turn our handlebody “right-side up” to obtain a picture of N,(p) built from 
a 4-ball by adding two 2-handles. To do this, we draw a pair of 0-framed meridians to the 
?-handles in Fig. 14. We repeat our proof that M is SJ, dragging along thcsc circles, to 
obtain the framed link in SJ representing our right-side up handlebody. When we slide the 
cross-hatched curves as bcforc. we carry along the meridian of the O-framed 2-handle 
Cancelling the (p - I)-framed curve as before yields Fig. 15. We slam-dunk the - )I. to 
obtain (after isotopy) Fig. 16. Eliminating the cross-hatched curve by a Rolfscn twist yields 
Fig. 17. This is our final picture of N,(p). The ribbon labcllcd with a p is meant to represent 
a spiral with p loops lying on an annulus which is in the plane of the paper, except where it 
Fig. 12. 
Fig. 13. 
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0 
-t:::+:::: : :J 
Fig. 14. 
Fig. IS. 
0 
P m -1 p-1 1 Ti 
Fig. 16. 
4 (P) -npz *p-1 
Fig. 17. 
passes through the - n twists. Thus, the two attaching circles are a torus knot and a twist 
knot. 
Combining this with Corollary 3.6, we obtain: 
THEOREM 4. I. Fix n 2 2. Let p wry over nonnegutire integers. Ifn is ecen,j.r the residue 
o/p mod 2. Then the 4-manifolds N,,(p) in the furnily described by Fig. 17 are all homeomor- 
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phic. but no CH’O are dlfleomorphic. In_/&, no ~H’U can be made difiomorphic by blowing up 
CP’S. 
To see directly that the 3-manifold ?.V”(p) in Fig. 17 is !-surgery on the trefoil knot (and, 
in particular, independent of p). simply reverse the procedure of Figs 14-17: Eliminate the 
- n twists by a Rolfsen twist, introducing a circle with framing .‘(Fig. 16). unlink this i from 
the O-framed circle by sliding it twice over the p - I. then use the 0 to cancel the p - 1. This 
same procedure, on the J-manifold level (i.e.. replacing the i-curve by a O-framed curve with 
- n-framed meridian) shows: 
COROLLARY 4.2. Fix any family as in Theorem 4. I. The manfolds in this family all become 
d1fiomorphic after connected sum with S2 x S2. 
(To see this. recall that for AI” simply connected with odd intersection form. 
ill #S’ x s’ ‘z hf # S’ z? S’.) Compare with Corollary 3.9. 
Much of the other information derived about N,(p) in Section 3 can also be seen directly 
from Fig. 17. For example, (cf. Proposition 3.3). N,,(p) has even intersection form if and only 
if both n and p - I are even. Since we have seen directly that SN,(p) is independent of p, we 
can conclude by Freedman’s work that all mcmbcrs of each family in Theorem 4.1 are 
homeomorphic. To verify that N,(I) is diffeomorphic to N, (as drawn in Fig. 7). draw 
Fig. 17 with p = I, so that exactly one strand of the upper curve runs through the - n 
twists. Remove the lower curve from these twists by sliding both strands over the upper 
curve to obtain Fig. 7. To verify that N,(p) is indcpcndcnt of p (hence, dilfcomorphic to 
N,), slide p - I strands of the upper curve over the lower curve as indicated by the arrow at 
the left of Fig. IX (n = 1). The result will bc N ,(p - I). (After the band moves. slide the - n 
(n = I) twist to the left to reduce the number of curves running through the twist. Then pscl 
olT the innermost strand of the spiral, ;LS far back as the point whcrc the band moves were 
pcrformcd. The arc of this attaching circls which dots not lit in the spiral may now be 
simplilicd by unwrapping it from the - II twist, after which it lies near a meridian to the 
twist knot. The spiral may now bc slid out of the - I twist at the right, by pushing the spiral 
toward the right through the twist.) WC may also verify that N,(p) is dilTcomorphic to 
N,( - p). ;LS is rcquircd by Proposition 2. I. (N,( - p) is defined by reversing the sign of p in 
the framing and the handcdncss of the spiral.) To see this, slide p strands of the top curve 
over the bottom curve as indicated tit the right of Fig. IX. (This time, the spiral is pushed off 
of the - I twist by sliding the spiral to the Icft.) 
Theorems 0. I and 0.2 (n 2 2) are immediate conscqucnces of Theorem 4.1. Simply 
observe that N,,(O) is the tirst manifold in Fig. 1, and the second manifold is N,(l) z N,, as 
shown in Fig. 7. The n = I case of Theorem 0.2 follows from part (a) of Corollary 3.6. Note 
5 p= 
r - 
* 
\ - 
L 
fgg ---_” 3 
i 
-1 
0 
Fig. 18. 
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also that S,(O) splits off a CP’ as in Fig. 19. No other N,@, q) (except for N,(p) z Nt(0)) 
can split off a + CP’ since the corresponding elliptic surfaces do not split off a + CP* 
[lo, 111. 
$5. AL’TOblORPHISMS OF NJp. 9) 
For each N,(p. ql the intersection form is one of the two unimodular forms over Z with 
rank two and signature zero. For either form, it is easy to verify that the group of 
automorphisms is Z, @ Z,. (Consider. for example, the four primitive elements of square 
zero.) Let 9 be the subgroup of the automorphism group which is induced by self- 
diffeomorphisms of N,(p, q). In this section, we compute D explicitly and describe a set of 
generating diffeomorphisms. 
P~o~osrTlo~ 5.1. For N,(p). N, and N,(O). P is Z, $ Z,. the enrire automorphism group. 
For the ofhrr N,(p, q) (p, q relaricely prime) with the possible xception ofthe n = 2 case, B is 
Z,, genzrctted by multiplicarion by - 1. 
Proof Complex conjupation provides a nontrivial diffeomorphism of N,(p. q)(p. q 2 1). 
(See the remark following the proof of Lemma 3.7.) This reverses orientation on a fiber and 
on a multiscction. so it acts on H2(N,(p, q)) as multiplication by - 1. N,(O) admits a similar 
involution. as seen in Fig. 1. To prove the proposition, it now sufftces to determine which 
N,(p. q) admit diffcomorphisms which are not f 1 on. II,. 
N,(p), N,(O) and N 2 admit such diffeomorphisms. First recall that N,(p) z N, (0), which 
is a spcccial cast of N,(O). The latter splits off a Q=p” as in Fig. IY. Clearly, there is 
a diffcomorphism which fixes either gcncrator of fI,(N,(O)) and reverses the sign of the 
other. To find a suitable diffcomorphism of N,, begin with Fig. 7 (n = 2) and slide the 
mcridiun over the trefoil knot to obtain Fig. 20. It is now easy to see a diffeomorphism 
which intcrchangcs the two generators of H,(N,). 
N,, IO1 
Fig. 19 
Fig. 20. 
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In the other cases. such a diffeomorphism is impossible. Otherwise, we could generate 
the entire automorphism group. and in particular, find 3 diffeomorphism mapping the 
(nontrivial) homology class [F] of a generic fiber onto a class different from + [F]. By 
Proposition 3.5. this diffeomorphism would extend over I,@. q). But any self-diffeomor- 
phism of Li(p. q) preserves [F] up to sign. except in the cases listed above. (For n = 1. 
p. q 2 2. + [F] is preserved, by [IO]. For n 2 3, p, q L I, the canonical class k of the 
algebraic surface I;tr. y) is preserved up to sign [l I]. and k will be a nonzero multiple 
of r_f I. 1 n 
&mtrr~.s. (I) The proposition seems likely to hold without the restriction n # 2. It 
would follow from the same argument (with N, being exceptional since k(k>) = 0) if the 
canonical class of C;(p, q) were known to be preserved up to sign. This is presently 
unknown. but Friedman conjectures that it is true and will soon be proven, 
(2) N&J,, . . pt) admits no orientation-reversing self-diffeomorphisms (or even 
homeomorphisms) since ?N, admits no such maps. 
The results of Friedm‘m and Morgan used in the previous proposition are stable under 
7 
connected sum with CP-. That is, in the cases where + [F] is known to be preserved. the 
7 
splitting !I,( I,@, q) #“CP’) 2 ff,(C’,(p. q)) @ ff,( #,CP*) is preserved by any diffeomor- 
phism of Ii(p, y) #,CP’. Any such diffeomorphism preserves + [F] in the first summand, 
and preserves the canonical basis (up to sign and permutation) in the second. WC immedi- 
iltL!ly obtain: 
46. DECDAfP<X3NG V,(O) 
Corollary 3.6 (and hence. Theorems 4.1 and 0.1) depends on our being able to distin- 
guish C’,(O) from V,(p. q) (n 2 2. p, y 2 1). In this section, we achieve this by showing that 
V,(O) is dilTeomorphic to # Zn_ 1 CPL # ,On_, Cl”. For n 2 2, this splits as a connected sum 
of two pieces with b, > 0, so by Donaldson [6]. it cannot be ditfeomorphic to any complex 
surface. 
THEOREM 6. I. V,(O) is di,$wmorphic to # 2n _ t CP’ # ,On _ ,s. 
Pror$ Let VF c V, be a tubular neighborhood of a regular fiber. A link picture of 
K - int vF is constructed in [ 121. The basic idea is to start with a neighborhood of a cusp 
fiber as in Fig. 6 (without the linking - n). Each of the 6n - 1 remaining cusp fibers will 
introduce another pair of 2-handles. resulting in Fig. 21. The two ribbons represent sets of 
6n parallel curves, which are intcrlcaved where the ribbons cross. V,(p) may be obtained 
from Fig. 21 by adding a 2-handle. two 3-handles and a 4-handle (as in [ 121). For V.(O), the 
attaching circle of the 2-handle will lie in a single fiber in (7vF. representing a generator of 
X, F, and having the framing determined by the canonical product structure SvF 2 F x 9. 
A fiber of 8vF appears in Fig. 21 as a torus spanning the O-framed 2-handle and running 
over both I-handles. Thus, we may draw V,(O) as in Fig. 22. 
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Fig. 21. 
Fig. 22. 
Fig. 23. 
U 3-h 
4-h 
We show V$I) z # + CP* by blowing down Fig 1. 22 to obtain 9. First, we use the new 
2-handle to cancel a l-handle. This allows the old O-framed 2-handle to slip off the 
remaining l-handle and cancel a 3-handle. Fig. 23 results. The innermost circle is unlinked 
from the rest of the picture and can be blown down. The outermost circle can be swung 
around so that it becomes a meridian to the vertical arc at the right of the picture. Blow this 
circle down so that the vertical arc has framing zero, then use the O-framed arc to cancel the 
remaining l-handle. One more - l-framed unknot separates from the picture and can be 
blown down, to produce Fig. 24, which becomes V,(O) after sum with three CP*. 
Figure 24 is simplified by the following procedure, which we will apply inductively. Blow 
down the innermost circle on the right side of the picture. The outermost circle on the left 
now has framing zero. It is parallel to a - l-framed circle; slide this - 1 over the 0 to 
unlink it and blow the - I down. Again blow down the innermost right-hand circle, so that 
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the outermost left-hand circle has framing + I. This + I is again parallel to a - I. Blow 
down the parallel + I and - I simultaneously, so that the twists cancel out. The innermost 
right-hand circle is now unlinked from the rest; blow it down. The resulting picture is again 
-- 
Fig. 24, but with n replaced by N - f. This modilication of Fig. 24 has split off CP’ # ,Q3Pz. 
Apply this procedure to Fig. 24 211 - I times. splitting off 2n - I CP’s and 
1011 - 5 3s. The result is Fig. 25, which when summed with # *“_I CP’ # ,o,,_2CP2 
becomes C’,(O). Blow down a - I, cancel the 2-handle with the 3-handle. and the proof is 
complete. n 
57. TIIE AlII.NOW 1;IHEW 
Recall that 0” is dctined to be the closed complement of N,(p,, . . . ,pk) in 
f’,(Qr, . . . ,p&). We will draw 0, explicitly. and identify it as the Milnor fiber of its 
boundary, X(2.3.611 - I). That is, a,, is diffeomorphic to the locus of .tyl + y’ + z6”- ’ = E in 
the closed 6-ball in C3. With this explicit picture of CD,, together with our picture of N,(p) 
with no I- or 3-handles, we will obtain a picture of V,,(p) without I- or 3-handles. Thus, cl,(p) 
admits a perfect Morse function. 
First, we draw @,,. In Section 6, we exhibited a picture of Ck - int vF. namely Fig. 21. By 
the same procedure, we draw V. - int vC, where C is a cusp fiber. In both cases, we have an 
elliptic surface with boundary over D2, but in the new cast we have one less cusp fiber. Thus, 
V, - int VC will look like Fig. 21, but with 6n replaced by 6n - I. To obtain 0,,, we must 
delete a neighborhood of a section from V, - int K. A section of V, will be determined by 
any 2-disk D embedded rel c7 in V’, - int VC for which C’D is a meridian to C and D hits each 
fiber exactly once. We may take D to be the cocore of the O-framed 2-handle in Fig. 21. 
(Compare with the section in Fig. 6, and with [12].) Removing a neighborhood of D is 
equivalent to deleting the 2-handle. Thus, CD, is given by Fig. 26. Cancelling the l-handles 
yields Fig. 27. 
PROPOSITION 7.1. @, is d~fiwnorpitic to the Milnorjiher of X(2. 3,6n - I). 
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Proc$ The Milnor fihcr of X(2, 3.6~1 - 1) is known to hs given by Fig. 27 [Z]. Specific- 
ally. the Milnor libcr is the locus of x2 + J’ + P-’ = c in the 6-ball in C”. This is easily 
seen to bc the 6n - l-fold cover of B‘, brunchcd along the locus of .x2 + 1” = c in B4 c Cz. 
The branch locus is the standard Scifcrt surface for the trefoil knot, pushed (rel S) into int B4. 
But Akbulut and Kirby [Z] have dcscribcd an algorithm for drawing cyclic covers of BJ 
brnnchcd along Scifcrt surfaces, and in this cast (which they explicitly dcscribc for n = I) the 
result is Fig. 27. n 
Hmurrk. If WC take c to be real in the definition of the Milnor fiber. then complex 
conjugation on C’ restricts to ;Ln involution of (0,. This is easily seen to reverse orientation 
on the Seifert fibers of X(2, 3,6n - I), so we have an alternate construction of the difTeomor- 
phism of Lemma 3.7. 
Next, we draw a link picture of C’,,(p) = oD, u JN,(p) without I- or 3-hand& (0, is drawn 
without I- or 3-handles in Fig. 27. Figure 14, with reversed orientation, provides a picture of 
N,(p) built from - ?N, x I = GP, x I by adding two 2-handles and a 4-handle. We may 
combine these pictures to obtain a link picture of V”(p) which is obtained from Fig. 27 by 
adding two 2-handles and a 4-handle. 
PROPOSITION 7.2. A link pkrure of b’,,(p) is yicen 6~ Fiy. 28. In purticuhr, C;(p) admits 
u prrjrcr hlorsf /u?lcYion. 
Figure 28 is to be interpreted as follows: The dashed curve is unknotted. The actual link 
picture is obtained by putting a full left twist in the collection of arcs which runs through the 
dashed circle (as if the dashed circle were a + I which WC were blowing down. except that 
the framings should not be changed). The two 2-handles near the bottom of Fig. 28 are the 
ones coming from Fig. 14 (with the same not;;tion as Fig. 17). Observe that if we e&se these 
two 2-handles. the dashed curve simplifies to yield Fig. 27. as required. 
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Proof of Proposirion 7.2. Interpret Fig. 28 as @, (Fig. 27) with a pair of framed circles 
drawn in (70,. WC will transform c7@” into - dN,, as shown in Fig. 14 (with revcrscd 
orientation), and see that the two framed circles map to the attaching circles of the 2-handles 
in Fig. 14. It follows that Fig. 28 describes Q),, ub N,(p) = V,(p). 
First, blow up a + I along the dashed circle. This changes the dashed circle into a solid 
+ I-framed circle, and alters some framings. Next, blow up a + I at the big - I twist in the 
upper Icft. We obtain Fig. 29. 
Observe that Fig. 29 contains a copy of Fig. 24 (without the 3.4-handle). In the proof of 
Theorem 6.1, we saw how to simplify this. Repeat he procedure here, carrying along the rest 
of Fig. 29. Extra care is required when we blow down. For example, when we wish to blow 
down the parallel pair of circles with framings f 1, we find two arcs running through the 
annulus cobounded by the two circles. After the blow-down, these arcs will run along the 
annulus. With one application of the procedure ofTheorem 6.1, we obtain Fig. 29 again, but 
with n replaced by n - f ever w ere above the dotted line. Below the dotted line, nothing is y h 
changed. (This calculation must be carried out to be believed. It is rare that a half-twist 
enters a computation involving 4-manifolds. Note, for example, that the linking number of 
the two + Is is changed by two. This is due to the twist around the annulus mentioned 
above.) 
As in the proof of Theorem 6.1, we do the above procedure 2n - 1 times, to obtain 
Fig. 30. We blow down one of the upper - 1s. The remaining - 1 becomes a O-framed 
meridian to a + 2. Slide the + 1 over the + 2 to unlink it from the 0, then use the 0 to 
cancel the + 2. (The net result is to band together the two + Is in Fig. 30.) Figure 31 
results. We have exhibited dcD, as - l-surgery on a twist knot, with two framed circles 
drawn in ?@,. 
To complete the computation, we blow up a - i-framed unknot to remove the n twists. 
Then we blow down the large - I, to obtain a framed link in a@, = - i-surgery on a left 
trefoil. The resulting picture is Fig. I4 with reversed orientation and the - n-framed 
meridian slam-dunked. n 
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R~murks. (1) This argument, combined with our cancellation of Fig. 14 in Section 
4 (when we showed the manifold .!I is S’). actually shows that V,(p) # ,CP’ is diReomor- 
phic to # t CP’. To see that L:(p) # CP’ 2 # + CP’. simply replace the + 1 on the left 
of Fig. 29 by a cancelling pair: a circle with a dot. and a - l-framed meridian to it. This 
result was first proven by Mandelbaum [IS] and Moishezon [16], using diRerent methods 
from ours. 
(2) It is a good exercise to verify that I’,(O) z # &- CP’ by using Fig. 28 directly. Here is 
the idea: when p = 0. the p-twisted curve is actually a - l-framed meridian to the dashed 
curve. Blowing this down erases the dashed curve and changes some framings. Now 
compare with Fig. 24. 
$8. KNOll-ED SURFACES IS 8’ 
We now consider the nuclei N,(p) from the viewpoint of Finashin, Kreck and Viro [7]. 
Each N,(p) has an involution which exhibits it as a 2-fold branched cover over BJ. The 
branch loci in BJ provide interesting families of properly embedded punctured tori and 
Klein bottles. 
We begin with N,. As in the proof of Lemma 3.7, complex conjugation provides an 
involution on N, which reverses orientation both on the fiber and section. This involution is 
essentially 1 X0‘ rotation about a horizontal :rxis in the plane of the paper in Fig. 7. A more 
car&l picture is given by Fig. 3 2. The framing on the trefoil is indicated explicitly by the 
dashed parallel curve. Note that the twists are drawn symmetrically with respect to the 
involution. We also require the - II twists on the meridian to be symmetrically distributed. 
The involution can now bc described explicitly: On the O-handle, the involution is the 
standard 180” rotation of UJ, with fixed point set an unknotted D2 whose boundary is the 
dotted line (a circle through x) in Fig. 3,. 7 In S”. we have rotation about the dotted line, 
preserving the link sctwise. This extends (by symmetry of the framing twists) over each 
2-handle D’ x D’ as reflection in both factors, fixing D’ x D’. 
Now consider the quotient space. The O-handle and 2-handles each descend to 4-balls by 
the standard branched covering B* -+ BJ. The attaching regions are 3-balls (2-fold covered 
in the usual way by solid tori). Thus, the quotient space is B*, exhibited as the boundary sum 
of three 4-b&. The branch locus r, in the quotient space has three parts: the image of the 
trivial Dz in the O-handle, and the images of D’ x D’ in each 2-handle. This exhibits 
a handle decomposition of the surface T, as a O-handle and two l-handles. 
An explicit picture of T, in B4 is given by Fig. 33. This is obtained as follows: The 
horizontal line is a circle through CC in S’, bounding an unknotted 0’ c B4 which is the 
Fig. 32. 
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image of the fixed set in the O-handle in Fig. 3 2. When we mod out by the involution in 
Fig. 32, both link components are folded over to become arcs. These arcs arc the cores of the 
two bands shown in Fig. 33. Note that the two arcs twisted - I around the dotted lint in 
Fig. 32 descend to a single arc twisted - 2 around the horizontal line in Fig. 33. The two 
I-handles D’ x D’ of T, initially lit in 4-balls attached to Fig. 33 along 3-balls which arc 
regular neighborhoods of the two arcs. WC push these I-handles into Fig. 33 whcrc they 
appear as the two bands. The twisting of the bands is described by the framings in Fig. 32. 
Recall that the framing twists were required to be symmetrical with rcspcct to the involu- 
tion, so that we could extend the involution over the 2-handles. 
To summarize, Fig. 33 describes c c B4 as follows: Begin with an unknotted D’ c @, 
with (!D’ c OB4 the horizontal lint in the figure. The two bands are l-handles attached to 
0’. These intially appear in S’, but we push them into B4 so that Tnni)B4 = c?T, as 
rcquircd. We may simplify Fig. 33 slightly by an isotopy, yielding Fig. 34. Note that T. is 
a punctured torus if n is even, and a punctured Klein bottle if n is odd. In either case, JT, is 
the knot K, shown in Fig. 35. (Compare these pictures with 2-fold branched covers of B4 
along pushed-in Seifert surfaces, as described in [2].) 
Now we are ready for the general case. Recall that - N,(p) is depicted in Fig. 14. The 
two cross-hatched curves represent JN, x I, and - N,(p) is built from this by adding two 
2-handles and a 4-handle. To see an involution, we isotope the picture to obtain Fig. 36. 
(Rotate Fig. I4 90” clockwise and move the right-most strand to the left side of the picture.) 
The involution is given by rotation about the dotted line. (Presumably, this is the same as 
complex conjugation, as given by the remark after Lemma 3.7-at least, it acts the same 
way on I?N, and on homology. However, we will not need to verify this identification.) Note 
that the cross-hatched curves are identical to Fig. 32. so the involution on SN, is the same as 
before. In particular, ZN, x 1 projects to S’ x I, with branch locus K, x I (with the knot K, 
as given in Fig. 35). We extend the involution over the 2-handles as before (again requiring 
the framing twists to be symmetrical). In particular, adding the 2-handles does not change 
the topology of the quotient space, S3 x I. Below, we will verify that after adding the 
2-handles, the branch locus in S’ x I restricts to an unknot ih the top boundary. Thus. the 
involution extends to the standard involution on the 4-handle. and - N,(p) modulo the 
involution is S’ x I u 4-handle = - B4. 
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The branch locus 7,(p) is obtained from ii, x I by adding two I-handles (coming from 
the two I!-handles in Fig. 36) and a 2-handle (standardly cmbcddcd in the 4-handle). Figure 
37 shows 7,(p). The knot ii, is visible hcrc it comes from the cross-hatched curves as in 
h’igs 32 33. Note that the + f(p - I) twists cancel on this knot. The I-handles arc indicated 
by the two bands. Note that the picture is drawn as through p is odd; if p is even, the part of 
the picture immcdiatcly below the j(p - 1) twists should hc rcvcrscd Icft-to-right. We 
isotope Fig. 37 to obtain Fig. 3X. K, now appears as in Fig. 35. At this point, it is routine to 
verify our claim that the branch locus hits the top of S” x 1 in an unknot; simply perform 
the two indicated band moves and see that the result is an unknot. (After the band moves. 
the $(I - p) twists can bc pushed counterclockwise around the picture, through the two 
- I twists, until they slide past the - ? twists. They will then cancel the j(~ - I) twists.) 
WC have now constructed T,(p) in an upside-down 4-ball S’ x I u 4-handle. By con- 
struction, its 2-fold branched cover is - N,(p). We turn this right-side up to obtain 
T,(p) c fP with 2-fold branched cover + N,(p). We do not riced to change Fig. 38 for this; 
we mcrcly change our point of view. Think of Fig. 38 as rcprcscnting ?BJ in the usual way. 
WC have a description of T,(p) from the top down. In c’B” we see the knot .h’,. Extend this to 
Al, x I in a collar SJ x I of c’f?. At the inner boundary S’, add the two I-handles (Le., 
perform the two band moves). The new boundary is an unknot; close this off with an 
unknotted D’ lying deeper in B”. 
To obtain a bottom-up picture (analogous to Fig. 34 for c), simply perform the band 
moves in Fig. 38, kecpinp track ofthc dual bands. The result (after isotopy) is Fig. 39. (Recall 
the previous hint for eliminating the _+ j(l - p) twists.) WC see 7,(p) dcscribcd by two 
bands attached to an unknot. 
WC may verify directly from Fig. 38 or 39 that T,(p) is a punctured torus if and only if n is 
even and p is odd. i.~.. if and only if N,(p) is spin. Otherwise, T,(p) is a punctured Klein 
bottle In each cast, T,(p) may bc isotopcd slightly so that the height function has only three 
critical points. It follows that the knot group 7t, (BJ - 7,(p)) is abclian (Z or 2,). In fact, the 
knot complcmcnt has a handle decomposition with one l-handle and two Lhandlcs 
(corrcspondinp to the decomposition of 7,(p) with one O-handle and two I-handles). This 
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handle decomposition, shown in Fig. 40, is constructed by a standard technique ([2], 
Section 3) from Fig. 39. The knot complement has the homotopy type of S’ v S2 v S* for 
T,(p) orientable and Sz v IwP* otherwise. (Consider the cell complex corresponding to the 
handlebody in Fig. 40.) The normal Euler number of T,(p) relative to the O-framing on K, 
may be computed explicitly by drawing T,(p) (Fig. 39) with a parallel pushoff and comput- 
ing the linking number of the resulting parallel to K,. It is easy to check that this is 
independent of p (since the _+ j p twists cancel). In fact, the Euler number is zero for n even, 
and 16 for n odd. We have now proven: 
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H~vntrrks. (1) A recent result of Kreck [I43 implies that the knotted surfaces T,(p) 
(n odd or p even) are all pairwisc homcomorphic for fixed n. One is free to conjecture that 
a similar statement holds for the other families. 
(2) Consider the - 2 twists near the top of Fig. 39. We may replace 2 by any other fixed 
integer k. This will result in families 7’,‘,,,(p) analogous to those in Theorem 8.1. but with 
boundary the knot K,,, in Fig. 41, independent of p. Theorem 8.1 carries over for these 
families, except for the statements concerning diffeomorphism types and branched covers. 
What can be said about these families? The k = 0 case is trivial. (It is made by surgery on 
a trivial S2.) For k = 1. T.. I(p) is smoothly isotopic (setwise) to T,, ,(p’) if p z p’ mod 2. (To 
verify this, slide the lower handle in Fig. 39 over the upper one.) 
(3) Recall that N,(I) is diffeomorphic to N,. It is not hard to show that T,( 1) is smoothly 
isotopic to T,. by comparing Figs 39 and 34. Simply set p = I in Fig. 39. undo the 
_+ 1 twists and simplify the lower band, slide both ends of the upper band over the lower 
band, and transfer the - f twists to the latter band. 
59. SL’CLEI WITtI SEVERAL ML‘LYIPLE FIBERS 
For completeness. we draw link pictures of nuclei with more than one multiple fiber. We 
use the method of Section 4, but make no attempt at simplification. 
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Let vF be the normal bundle of a regular fiber in N,. Recall from Section 4 that 
- (.V” - int vF) is given by Fig. 10. with the meridianal ?-handle in the upper left removed, 
as well as the 3- and 4-handles. The lower boundary of this is (7N,. given by the l-handles 
and cross-hatched 2-handles; the upper boundary is c’vF 5 T* x S’. explicitly seen by 
cancelling handles to obtain Fig. 1 I. 
To draw N,(p, q). we must first draw - (N, - int(vf, u vF,)), where vF, and vF, are 
disjoint tubular neighborhoods of regular fibers inside int vF. To do this, we must build 
a wall between the two fibers. The wall will have a l-handle, two 2-handles and a ?-handle. 
corresponding to a handle decomposition for F, with a O-handle. two l-handles and 
a 2-handle. (Compare with the procedure for drawing the complement of a ribbon disk ([2]. 
Section 3).) We build the wall on CvF x I. as shown in Fig. 1 I. Figure 42 shows the result. 
The original 2-handle of Fig. 11 has been cross-hatched. to indicate ?vF x I. The attach- 
ing 2-sphere of the 3-handle separates the inside of the cage from the outside. so that the 
upper boundary is two disjoint copies of T’ as required. In fact, if we perform this 
construction on T2 x Dz (the 4-manifold shown in Fig. II). we obtain T3 x 1 (seen in 
Fig. 42) as required. Combining Fig. 42 with Fig. 10, we obtain Fig. 43. a complete picture 
of - (N, - int( vF, u vF, 1). (Note that the - l-framed 2-handles could just as easily be put 
outside the cage, due to their meridianal 2-handles.) 
To obtain N,(p, q) (p. q not necessarily relatively prime). we add on two copies of 
T’ x D2, each of which will be an extra 2-handle. two 3-handles and a 4-handle. One 
U 3-h 
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j-handle cancels the 3-handle separating the two upper boundary components of 
- (.c’,, - int(rF, u vF~II. Figure 4-I results. Again. the position of the - l-framed 2- 
handles is arbitrary. Each of the two new Z-handles runs over the l-handle in the wall- 
p and y limes. respectively. This corresponds to the p twists in Fig. 12 (for S,(p)). Both of 
these Z-handles take the “parallel” framings determined by the plane of the paper. (.ls in 
Section 4. it may be helpful to begin with the case p. y = 0. and then modify by a diffeomor- 
phism of T’ on each upper boundary component.) Note that some arbitrary choices have 
been made in Fig. 4-l--for example. the directions of the spirals. and the choice that the 
same generator of z, F determines each logarithmic transform. These choices do not affect 
the diffcomorphism type of N,(p, q) (Proposition 2.1). but may affect the ditficulty of 
subsequent Kirby calculus computations. 
It is clear that Fig. 44 can bc simplified somewhat: The l-handles from Fig. 1 I can both 
be cancelled. It seems likely that some 3-handles can also be cancelled. It is not clear, 
however, how to cancel the remaining l-handle. (Of course. it cancels alpcbraically if and 
only if p and y are relatively prime.) If this l-handle (or all four 3-handles) could be 
cancclled. we would have (by the methods of Section 7) a handle decomposition for I ,ip. q) 
without I-handles. The apparent failure of cancellation is consistent with the conjecture of 
Harcr. Kas and Kirby [I?] that any handle decomposition of I,(?, 3) rcquircs a I-handle. 
WC can construct any N,(p,. , . . . pb) by the method used ahovc. In pcncral. WC’ must 
construct k - I walls. Thcrs is an arbitrary choice in the configuration of thcsc walls. To see 
this, project vF’ onto II’ so that the nciphborhoods vF,, . . . , vF; in int vF‘ project onto 
disjoint disks I>,. . . . I),. The choice in building walls corresponds to the chcjicc in 
building 11’ - inr(D, u f.. u II,) out of CD’ x I by adding li - I I-hantllcs. WC fix this 
choice by taking II, to bc central. surrounded by II,. . , . , II, in a circle Thus. the meridian 
to p, runs over all walls. but the other meridians each run over one wall. The analoguc of 
F‘ig. 42 is given by fa‘ig. 45, in the cast k - 3. The two dotted lines rcprcscnt the meridians lo 
F2 and I:., and indicate which pairs of 3-balls arc associated as I -handles. The meridian IO 
F, is given by the dashed circle, which runs over both walls as rcquircd. All framings arc 
parallcl. in lhc plant of the pupcr. fd’rom Fig. 45, the construction of - I,(p,. . . . p,,) 
proceeds as bcforc. WC obtain a picture analogous to f:ig. 44. with ZL 3-handles and 
a 4-handle. Figure 46 shows a horizontal cross section of the resulting diagram for 
-- N,(p, y, r, s). fAll framings in Fig. 46 arc parallcl.) 
Untobelled frame 
are porollcl 
Fig. 44. 
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